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Hydrodynamic fluctuations, nonequilibrium equations of state, and the shift of the spinodal line
in polymer solutions under flow
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In the literature, the shift of the spinodal line of polymer solutions under flow is attributed either to an actual
shift of the spinodal due to a nonequilibrium modification of the equation of state for the chemical potential,
or to an apparent shift due to an increase of hydrodynamic fluctuations owing to the flow. Here we see that both
approaches are compatible and that both effects add up.@S1063-651X~97!00708-3#

PACS number~s!: 64.70.Ja, 36.20.2r, 05.70.Ln
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I. INTRODUCTION

Several authors~see @1# for a wide bibliography! have
used thermodynamic models based on nonequilibr
chemical potentials including the effects of the shear to
scribe the shift of the spinodal line of polymer solutio
submitted to a shear flow. The thermodynamic approach
been criticized from the point of view of a dynamical a
proach, taking into account the effects of the flow on t
density fluctuations and, therefore, on the structure fa
@2,3#. Indeed, most of the measurements of the effects o
shear flow on the phase diagram of polymer solutions@4,5#
are based on the observation of an increase of the turbidit
the solutions in the presence of a sufficiently high value
the shear flow. This turbidity has been attributed either t
purely thermodynamic effect, i.e., to an actual shift of t
spinodal line due to the shear flow@1#, or to a purely dynami-
cal effect, i.e., an enhancement of density fluctuations du
the shear@2,3#. Here, we see that both points of view a
compatible and that their effects add up: i.e., the shear fl
contributes to the thermodynamic equations of state and
duces a shift of the spinodal line, and furthermore it a
produces an enhancement of fluctuations which contribut
an increase of the turbidity, leading also to a further appa
shift of the spinodal line. The combination of both effec
could explain why the available thermodynamic descriptio
@1# predict a shift of the critical temperature or of the sp
odal line which falls below the value corresponding to t
observed increase of turbidity.

This paper is an extension both of our previous works@1#,
and of the works by Helfand and Fredrickson and by On
@2,3#. With respect to@1#, where the nonequilibrium chemi
cal potential of the so-called extended irreversible thermo
namics@6# was used to study the shift of the spinodal lin
the main modification is to include the effects of the sh
flow on the density fluctuations. With respect to@3# and@4#,
which paid special attention to the role of the flow on dens
fluctuations, the original aspect is to include a more deta
form of the nonequilibrium chemical potential which tak
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into account the flow contributions to the chemical poten
and which yields a shift in the spinodal line.

In Sec. II we discuss the evolution equations for the d
sity, the velocity, and the viscous pressure tensor and
form of the nonequilibrium free energy; Sec. III is devoted
the structure factor.

II. HYDRODYNAMICAL
AND THERMODYNAMICAL EQUATIONS

The hydrodynamical equations describing the problem
the mass and momentum balance laws and the constitu
equation for the diffusion flux and the viscous pressure. T
mass balance law for the solute may be written in the fo

dc

dt
52“•J ~1!

in which c is the monomer concentration related to the v
ume fractionf by the expressionf5vmc, with vm the mo-
lar volume of the monomer, andJ the corresponding diffu-
sion flux. As a constitutive equation for the diffusion flux w
take

J52D8“m2b“•Pv, ~2!

wherem is the chemical potential,Pv the polymer contribu-
tion to the viscous pressure tensor, andD8 andb are trans-
port coefficients. This equation shows a coupling betwe
viscous pressure and diffusion, and it has been used in
ferent contexts as non-Fickian diffusion of small permea
in a polymer matrix@7# or flow-induced diffusion@8#. In
particular, Helfand and Fredrickson takeD85(l/kBT)c and
b5(l/kBT), with kB the Boltzmann constant andl a pa-
rameter which does not depend on the concentrationc and
which plays the role of the diffusion coefficient. For the sa
of a more direct comparison with their results, we adopt h
these forms.

When Eq.~2! is introduced into Eq.~1! one obtains

]c

]t
1u•“c5

l

kBT
“•~c“m!1

l

kBT
““:Pv1uv ~3!

except for the hydrodynamic noiseuv, which has been in-
cluded for the analysis of fluctuations.

a,
1887 © 1997 The American Physical Society
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The balance equation for the linear momentum is
well-known equation of motion

r
]u

]t
5T'•@2ru•“u1hs“

2u2“•Pv1~“c!•m1uu#,

~4!

whereT' is a transverse projection operator which refle
incompressibility~“•u50!, hs is the solvent shear viscosity
anduu is the corresponding hydrodynamic noise.

As the evolution equation for the viscous pressure ten
we will take a generalized upper-convected Maxwell mo
@1#

tF]Pv

]t
1u•“Pv2Pv

•~“u!T2~“u!•PvG52Pv22h~“u!s,

~5!

with t the relaxation time andh the shear viscosity of the
solution. This equation is not so general as that used
Helfand and Fredrickson@2#, but the latter one reduces to E
~5! when the second normal stress coefficient is zero and
simple shear flows, which is the situation we are consider
here.

The chemical potential may be obtained as the deriva
of the free energyG. For the system constituted byn1 moles
of solvent andn2 moles of a polymer of degree of polyme
ization N, we take forG the form

G5Geq1vm~n11Nn2!J~P12
v !21

1

2
a2~“c!•~“c!, ~6!

where Geq is the local-equilibrium free energy, which i
given by the classical Flory-Huggins expression; the sec
term is the nonequilibrium contribution due to flow, i.e.,
the presence of a nonvanishing viscous pressure tensor~since
we are considering a Couette flow, we only take thexy or 12
component!, whereJ is the steady-state compliance defin
asJ5t/h. The third term is the Ginzburg-Landau contrib
tion of the concentration inhomogeneities witha2

5RTvm(2/p2)Rg
2f0

21N21 a parameter related to the corr
lation length,Rg being the mean gyration radius of the ma
romolecules andf0 the mean-field value of the volume frac
tion. The second term was not included in the analyses in@3#,
whereas the third term was not included in@1#.

The chemical potential of the solute at constantP12
v is

given by the functional derivative defined as

m5
1

V S dG

dc D
T,P

12
v

5
1

V F S ]G

]c D
T,P

12
v

2“•S ]G

]“cD G ~7!

and accordingly it will have the form

m5meq
~FH)1m~P!2a2

“

2c, ~8!

where meq
~FH) is the classical Flory-Huggins contribution t

the chemical potential andm (P) is the contribution of the
nonvanishing viscous pressure due to the flow. The first t
can be written as

meq
~FH!5meq

~FH)~f0!1RTvm@~12f0!211~Nf0!2122x#dc,
~9!
e

s

or
l

y

or
g

e

d

m

wherex is the Flory-Huggins interaction parameter anddc is
the perturbation in the concentration.

By inspection of Eq.~3! and Eqs.~6!–~8! it is seen that
P12

v contributes to Eq.~3! in two different ways through the
first and second terms of the right-hand side. One could
whether these two contributions include the same effect
two different ways. There are at least two arguments wh
show clearly that this is not so.~1! According to Eq.~6!, the
contribution coming from the nonclassical part ofm is of
second order inP12

n whereas the contribution considered b
Helfand and Fredickson@second term of the right-hand sid
of Eq. ~3!# is of the first order inP12

v . ~2! If we consider a
situation with homogeneousP12

v but with an inhomogeneou
concentration profile, the contribution considered by Helfa
and Fredrickson vanishes~because it depends on the spat
derivatives ofP12

v !, whereas our contribution, which in th
linear aproximation has the form (P12

v )2(]J/]c)“2c, does
not necessarily vanish. In fact, though this second argum
points to a formal aspect which underlines the differen
between the two contributions considered here, it may
more hypothetical than practical. Indeed, since the visco
depends on the polymer concentration, in order to hav
homogeneousP12

v with an inhomogeneous concentratio
profile one should have a nonhomogeneous shear rateġ in
such a way thathġ is constant, i.e., in such a way that th
changes in the shear rate compensate the inhomogeneiti
the viscosity.

Here, we use for the steady-state complianceJ5t/h the
usual expression from the Rouse model

J5
CM2

c8RT F12
hs

h G2

, ~10!

wherec8 is the mass of polymer per unit volume,C50.4 is
the Rouse parameter, andM2 is the polymer molecular mass
Therefore the contribution of the shear to the free energy

G~P!5
CM2vm@h#

RT
~P12

v !2~n11Nn2!F~x!, ~11!

with

F~x!5x~11kHx!2~11x1kHx2!22, ~12!

wherekH is the Huggins constant andx5@h#M0c where@h#
is the intrinsic viscosity andM0 is the monomer molecula
mass. Therefore the nonequilibrium contribution of the flo
to the chemical potential of the solute is

m~P!5
CM2vm@h#

RT
~P12

v !2F F~x!

12vmc
1

@h#M0F8~x!

vm
G
~13!

and can be expressed as
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m~P!5m~P!~x0!1
CN@h#3M0

3

RT
~P12

v !2F 1

x0
2 F~x0!1

1

x0
F8~x0!

1F9~x0!Gdc, ~14!

wherex05@h#M0c0 and F8 and F9 are the successive de
rivatives ofF.

The values of the parameters will be taken for the sys
transdecalin-polystyrene@4,9#, on which there are many ex
perimental results. The molar mass of transdecalin isM1
50.138 kg mol21, v151.58631024 m3 mol21, and the sol-
vent viscosity is 2.331023 Pa s, whereas M0
50.104 kg mol21 for the polystyrene, N55000, M2
5520 kg mol21, v250.486 m3 mol21, so that vm5v2 /N
59.731025 m3 mol21. The intrinsic viscosity of the solu
tion is @h#50.043 m3 kg21; the Huggins constant which de
scribes the dependence of the viscosity as

h/hs511@h#M0c1kH@h#2M0
2c2 ~15!

is kH51.40; the parameters of the Flory-Huggins model
Q5294.4 K andC50.50 and the critical temperature fore
seen for this model at equilibrium~zero shear rate! is Tc
'284 K.

III. STRUCTURE FACTOR

The density fluctuations are crucial in the turbidity of t
fluid. These fluctuations may increase either because on
approaching the spinodal line or because they are enha
by the flow. We will take into account both factors in co
sideration. Our attention will be focused on the structure f
tor, defined asS(k)5^f(k)f(2k)& with k the wave vector,
and which is proportional to the scattering intensity.

The flow contribution toS(k) may be obtained by solving
the equations of motion. According to Helfand and Fredric
son @2#, this yields forS(k)

F2l̄V~ k̄!2 ġ̄ k̄x

]

] k̄y
GS~ k̄!52l̄k̄2, ~16!

where all the variables are reduced in accord with@2#, i.e.,
ġ̄5ġt for the shear rate~ġ is the velocity gradient
]vx /]y!, k̄5kRg for the wave vector, andl̄5lT/(NRg

2).
The functionV can be written as

V~ k̄!5 k̄2@ «̄1 «̄ ~P!2h~b!1ā2k̄2#, ~17!

where the reduced variableā25(a2Nf0)/(RTvmRg
2) has

been introduced.
The respective contributions from the equilibrium free e

ergy and the shear effects are taken into account in the te

«̄5f0N@~12f0!211~Nf0!2122x#, ~18!

«̄~P!5CS M2@h#P12
v

RT D 2

@x0
21F~x0!1F8~x0!1x0F9~x0!#.

~19!
m

e

is
ed

-

-

-
ms

It is manifested in Eq.~17! that V also depends on the
angleb that k makes with thex axis ~i.e., with the velocity!
through the function defined as

h~b!52l xl yġ̄ h̄81 l x
2ġ̄2C̄182@~ l x

22 l y
2!ġ̄h̄8

2 l xl yġ̄
2C̄18#

l x
2ġ̄2C̄1

ġ̄~ h̄2h̄s!1 l xl yġ̄
2C̄1

, ~20!

wherel x5cosb and l y5sinb.
The first normal stress coefficient is given byC152th in

an upper-convected Maxwell fluid and the reduced quanti
in Eq. ~20! are defined ash̄5hNvm /(kBTt) and C̄1
5C1Nvm /(kBTt2). This adimensionalization differs from
that used by Helfand and Fredickson in a dimensionless
tor 1/f0 .

When l̄V@ ġ̄, S is given by

S~ k̄!5
1

«̄1 «̄ ~P!2h~b!1ā2k̄2 . ~21!

When h(b) is positive, the shear flow contributes to th
instability of fluctuations, which may grow to very high va
ues.

Although the form ofS is formally similar to that used by
Helfand and Fredrikson, there are two interesting diff
ences:~i! a term is incorporated to take into account no
equilibrium effects due to the flow contribution to the chem
cal potential;~ii ! the form of h(b) used in this paper is
quantitatively different, though qualitatively similar, to th
used in@3# because we have used different expressions foh
and C1 than those taken in@3# and we have referred th
values of the parameters to a different system, previou
studied by us@10#.

FIG. 1. Curves forS(1) ~i.e., for k51! at an angleb536° @the
value for whichh(b) has a maximum# in terms ofT for the fol-
lowing situations:~1! equilibrium structure factor;~2! the nonequi-
librium structure factor taking into account the flow contributions
h(b); ~3! the nonequilibrium structure factor if one considers on
the flow contributions to«̄ (P); and~4! the nonequilibrium structure
factor that would follow if one considers the flow contributions~2!
and ~3!.
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In Fig. 1 we plot the curves forS(1) ~i.e., for k51!, in
terms of the temperature, for the following situations:~1!
equilibrium structure factor according to the Flory-Huggi
model ~FH!; ~2! the nonequilibrium structure factor takin
into account the flow contributions toh(b); ~3! the nonequi-
librium structure factor if one considers only the flow co
tributions, but not those coming fromh(b); ~4! the nonequi-
librium structure factor that would follow if one conside
the flow contributions both toh(b) and to «̄ (P). Curve 3
corresponds to the situation analysed in@1,10#, where only
the contributions of the flow were taken into account, but
role of the flow on the fluctuations was neglected; wher
curve 2 corresponds to the situation analyzed in@2#, where
the effects of the flow on the fluctuations were conside
but not the contributions to the chemical potential. It is se
that the effects of the fluctuations on the shift of the appar
critical temperature~curve 2! are higher than those due t
purely thermodynamical effects~curve 3!, but the latter ones
are not negligible and they should be taken into account
detailed computation of the total shift in the critical tempe
ture ~curve 4!.

IV. CONCLUDING REMARKS

The main point of this paper has been to include the ef
of fluctuations into previous analyses@1# of the shear-
induced shift of the spinodal line of polymer solutions und
shear, as suggested by the literature which has outlined
strong effect of the flow on the fluctuations. It turns out th
both effects~flow-enhanced density fluctuations and flow
induced shift of the spinodal line! are complementary, rathe
than incompatible. It must be mentioned that Helfand a
Fredrickson’s is not the only approach which takes into
count the role of enhanced hydrodynamic fluctuations on
structure factor. Onuki@3# proposed also a dynamical theo
for this phenomenon which, in its original form, did includ
in a phenomenological free energy the elastic energy of
distorted macromolecules but it ignored the coupling~2! be-
tween the shear viscous pressure and the diffusion flux.
approach was compared with that of Helfand and Fredr
son by Milner @11#, who pointed out that the above
mentioned coupling is necessary. Such a coupling has b
included in a more recent two-fluid model of polymer so
tions under flow by Onuki@12#.

When one includes both hydrodynamic and thermo
.
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namic effects, it follows that an increase in the turbidity m
appear for temperatures higher than the critical temperat
Thus, if onea priori identified this turbidity with the ap-
proach to the critical temperature, one would overestim
the value of the critical temperature under shear. This d
not mean that the critical temperature itself is not modifi
by the flow. Indeed, our previous results based on the che
cal potential including the effects of the flow gave for th
shear-induced shift of the spinodal line lower values th
those obtained from the experimental observation of turb
ity. For instance we obtained@1# for a polystyrene in diotyl-
phtalate atP12

v 5200 N m22 a shift of 3.5 K in the critical
temperature under shear, whereas the observed shift ac
ing to the turbidity effects turns out to be, for this syste
under these conditions, of 14 K. It was argued in@1# that one
possible reason of this discrepancy is that the concentra
dependence of the coefficients appearing in the nonequ
rium contribution to the free energy~mainly the steady-state
compliance! is not sufficiently known from the experimenta
point of view; and this uncertainty is amplified in its first an
second derivatives with respect to the concentration. H
we see that another possible reason of the discrepancy i
effect of the fluctuations, whose contribution to the shift
the apparent spinodal may be three or four times due
purely thermodynamic effects. However, a detailed study
the system analyzed in@1# requires the inclusion of non
Newtonian effects~i.e., the dependence of the shear viscos
on the shear rate! which is not taken into account in th
model of Helfand and Fredickson. Therefore more expe
mental and theoretical research is necessary to comple
clarify the different factors playing a role in the shift of th
critical temperature under shear.
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